ABSTRACT. Fixed point theorems for commuting semigroups of self-mappings are considered in this paper. A generalization of the classical Markov-Kakutani theorem is first given. This is followed by a fixed point theorem for commutative semigroups of continuous asymptotically-nonexpansive self-mappings on a weakly compact, convex subset of a strictly convex Banach space.
The Markov-Kakutani theorem [8] , [7] asserts the existence of a common fixed point of a semigroup S of continuous affine self-mappings on a compact convex subset of a Hausdorff linear topological space. It is shown that the conclusion of this theorem holds with a weaker assumption. While no element of 9 need be affine, it is sufficient to guarantee the existence of a common fixed point when 9 is continuous and asymptotically-affine. This result also gives some additional information on the location of the common fixed point.
In the case when the space in question is Banach, De Marr [2] has obtained a similar result for nonexpansive mappings. This result is further generalized by Holmes [4] (cf. also [5] ) to the case when 9 is continuous and asymptoticallynonexpansive. All these results concern self-mappings on a compact convex subset of a Banach space. A fixed point theorem for a commutative semigroup of continuous asymptotically-nonexpansive self-mappings on a weakly compact, convex subset of a strictly convex Banach space is also obtained. For weakly compact convex subsets with normal structure, this result also provides some additional information on its location. Under these conditions, the centre (in the sense of Brodskiï and Milman [1] ) of the closed convex hull of the orbit of a certain point is such a fixed point. A similar result is obtained in the case when the convex subset in question is compact (cf. Holmes' result mentioned above which merely asserts the existence of a common fixed point). A counterexample is included to show that when strict convexity is deleted, the conclusion of this result concerning the location of the existing fixed point no longer holds.
We conclude this paper with a method suggested by the above counterexample to locate common fixed points for commuting semigroups of continuous asymptotically-nonexpansive self-mappings when the Banach space in question is not necessarily strictly convex. A family of self-mappings 9 on a linear space X is called affine if each /£9 is affine. 9 is called asymptotically-affine if for every x, y G X, there exists g69 such that fg[\x + (1 -\)y) = \fg(x) + (1 -X)fg(y) for every/ e 9 and all X G [0, 1] . In such a case, we call x, y asymptotically-affine with respect to gIt is clear that the notion that 9 be asymptotically-affine is a generalization of the notion that 9 be affine. (Examples of commuting semigroups which are asymptotically-affine but not affine are given in §4.) Let X be a metric space with metric d and 9 a family of self-mappings on X. Let z G X. The set 9(z) = {z} U {/(z): / G 9} is called the orbit of z.
1.1. Theorem 1 , [7] ). Let X be a compact convex subset of a Hausdorff linear topological space, and S be a commutative semigroup of continuous affine self-mappings on X. Then 9 has a common fixed point.
Before proving Theorem 2, which is a generalization of Theorem 1, we prove first the following simple lemmas on which the proof of the main theorem is based. Lemma 1. Let X be a compact subset of a Hausdorff topological space and 9: X -* X a commutative semigroup of self-mappings. Let x G X; then there is a point z E X with the property that for each / G 9, there is a net {gaf(x)} (with a G (UI, the family of all neighbourhoods of z directed by "C") converging to z, where ga G 9.
Proof. For every x G X, the collection (9/(x): / G 9} has finite intersection property (by the commutativity of 9). Since X is a compact subset, D/eg9/(.x) ¥= 0. Let z be a point in the intersection; then for each/ G 9, z G 9/(jc), i.e., z is a closure point of the set {gf(x): g G 9). Hence there is a net {&,/(*)} in 9/(x) converging to z for each fixed / G 9 (with a G Hi,, the family of all neighbourhoods of z directed by "Ç"). This proves the lemma.
We denote the fact that the net {gaf(x)} converges to z by lima&,/(*) = z. It is clear that since X is Hausdorff, z is the unique point to which the net {gaf(x)} in the lemma above converges. Lemma 2. Let X be a convex subset of a linear topological space, and 9: X -* X be a commutative semigroup of asymptotically-affine, self-mappings. Then for every finite set of points xx, x2, ..., xn E X and X¡ G [0,1], i = 1, ..., n with 2"-i X¡ = 1, there is an h G 9 such thatfhÇ2^x X¡x¡) = 2,"-i X¡fh(x,).
Proof. For » = 2, the conclusion is obvious by the hypothesis on 9. Assume that the proposition is true for n -k -1, where k > 3. Let xx,..., xk G A" and X¡ G [0,1], /' = 1, ..., k, with 2,*=i X¡ = 1. Since k k~l / X \ 2 \x, = (1 -A*) 2 ( T^X)x> + ****• and 9 is asymptotically-affine on X, there exists g G 9 such that the elements 2*-' (VO ~ At))*, and xk are asymptotically-affine with respect to it. By the induction hypothesis, there exists g' G 9 such that %{T^kh = %(T^Xk)f^ ^ all/G 9.
Hence h = gg' is a member in 9 such that ic k fh 2 X,x, = 2 \Mx¡) for all/ G 9,
proving the assertion of the lemma.
1.2. Theorem 2. Let X be a compact convex subset of a Hausdorff linear topological space, 9: X -» X a commutative semigroup of continuous, asymptotically-affine self-mappings. Then 9 has a common fixed point.
Proof. Let x G X. By Lemma 1, there exists z G X with the property that for every / G 9, there is a net [gaf(x)} (where gtt G 9) converging to z, i.e. lima gj(x) = z.
We will show that 9 is affine on cü 9 (2) . To this end it suffices to show that 9 is affine on co 9(z): Let y = 2,"=i Xigiiz) where g¡ G 9, for i = 1, ..., n and 2"-i \ = L Let A G 9 be obtained by Lemma 2 with the property that /A[2"-i \sM] 
Hence, 9 is a commutative semigroup of affine mappings of co 9(z) into itself. Now co 9(z) is clearly a compact convex subset of X By the Markov-Kakutani theorem, there is a common fixed point in cö 9(z).
2. Fixed point theorems for commutative semigroups of continuous asymptotically-nonexpansive self-mappings are obtained in this section.
9 is called a family of asymptotically-nonexpansive mappings (a family of asymptotic isometries) or simply asymptotically-nonexpansive (asymptotically-isometric) if for every x, y G X, there exists g G 9 such that
(Examples of commutative asymptotically-nonexpansive semigroups which fail to be nonexpansive are given in §4.)
The set {z G X: there exists x G X such that for every / G 9, e > 0, there exists g G 9 with d[fg(x),z] < e) is called the D-closure of X and is denoted by 2.1. We state first a result by Holmes and Narayanaswami [6] concerning asymptotically-nonexpansive semigroups of self-mappings which will be used subsequently. Theorem 3 (Holmes and Narayanaswami [6] ). Let (X, d) be a metric space, and 9 a commutative semigroup of continuous asymptotically-nonexpansive mappings on X.
(i) If ' z G X3, then 9 | 9(z) is a family of isometries.
(ii) If A is an arbitrary subset of X with the property that 9 | A is a family of asymptotic isometries, then 9 | A is a family of isometries.
(iii) // z G Xo, then for every f G 9, e > 0, there exists g G 9 such that
The following result by Holmes, which is a generalization of a theorem by De Marr, will be compared with a corollary of the main result in this section: Theorem 4 (Holmes [4] ). Let Xbea nonempty compact convex subset of a Banach space. If 9: X -* X is a commutative semigroup of continuous asymptoticallynonexpansive mappings, then 9 has a fixed point in X.
2.2.
A convex subset C in a Banach space X is said to have normal structure if for each bounded convex subset K of C which contains more than one point there exists a point x in K which is not a diametral point of A'. (A point x in X is said to be a diametral point of K if sup{||x -y\\: y G K} = d where d is the diameter of K.) Let C be a closed convex and bounded subset of a Banach space X. Assume furthermore that C is weakly compact and has normal structure. (It was shown in [2] that the latter assumption is automatically satisfied when C is compact and convex.)
The concept of the centre of C was introduced by Brodskiï and Milman in [1] . It was shown there that the centre of a closed convex, bounded and weakly compact subset C with normal structure of a Banach space A" is a common fixed point of all isometric mappings of C onto itself.
2.3. Let X be a compact subset of a general metric space. Suppose 9 is a commutative semigroup of self-mappings on X. Since for each x G X, the collection {9/(x):/G 9} of closed subsets in X has the finite intersection property, r)/eg9/(;c) ¥= 0. Hence Xo ¥= 0. On the other hand, there are examples of noncompact metric spaces X with commutative semigroups 9 of self-mappings on it where A"9 # 0 (see Example 4.2 in §4) . This idea motivates the investigation of fixed point theorems for semigroups 9 of asymptoticallynonexpansive self-mappings on a subset A" of a Banach space where Xo ¥= 0.
The following result is obtained.
Theorem 5. Let X be a weakly compact, convex subset of a strictly convex Banach space, 9: X -» X a commutative semigroup of continuous asymptotically-nonexpansive mappings. Suppose Xo ¥= 0. Let z G Xo; then 9 has a common fixed point in cö 9(z).
2.4. The approach used in the proof of Theorem 5 is a generalization of that used by Edelstein in a theorem in [3] . We proceed first by defining a mapping from 9 X N to 9. This is followed by a few lemmas which are used in the proof of Theorem 5.
By the definition of X9 and Theorem 3(iii), if z G Xs, then z has the property that for every n G N, / G 9, there exists g G 9 such that \\z -gf(z)\\ < \/n. Now, for each pair (/, n) G 9 X N, we make a fixed choice of g G 9 which satisfies the above inequality. We obtain then a mapping y:9xN->9 with ?(/.") = Y/" satisfying \\z -ysJ{z)\\ < \/n. Let S = {x G X: for every (/,«), ||jc -y¡J(x)\\ < 1/«}. Since :6S,S#0.
2.5. For this set S which is obtained when 9 is a commutative semigroup of continuous, asymptotically-nonexpansive mappings we prove the following lemmas: Lemma 1. For every g G 9, g(S) Q S.
Proof. For every x G S, by Theorem 3(i), 9 | 9(x) is a family of isometries. By the definition of S, \\x -y}J(x)\\ < 1/t» for all (f,n) G 9 X N. Hence we have \\g(x) -Y/"/g(*)ll < 1/tj, showing that g(x) G S. Lemma 2. 9 | S is a family of isometries.
Proof. Since 9 is commutative, by Theorem 3(ii), it suffices to show that 9 | S is a family of asymptotic isometries.
Suppose the contrary; then there exist xlt x2 S S with the property that for every/ G 9, there exists g{ G 9 such that \\fgf(xx) -/g/(*2)|| * ||x, -x2||.
Since 9 is asymptotically-nonexpansive, there is an A G 9 such that \\fh(xi) -fh(x2)\\ < H*! -x2|| for every/ G 9. For this h, let g be a member in 9 such that \\hg(xy) -hg(x2)\\ # H*, -x2|| is satisfied. Then 0) IIM*.)-M*2)ll<ll*.-*2ll.
For the pair of points hg(xx ) and hg(x2), there exists t G 9, such that for every /e9, (2) \\fthg(xx) -fthg(x2)\\ < \\hg(xx) -hg(x2)\\ < ||x, -x2\\.
If we denote g0 = thg, (2) becomes (2') ||/g0(*,) -/go(*2)ll < UM*.) -hg(x2)\\ < II*. -x2« for every/ G 9. Now for each n, we have 11*1 -*2ll < Ik -Ygo^go(*i)ll (3) +llYio"go(*i) -ygo*go(x2)\\ + 11*2 -Y,07.go(*2)ll < 2/7» + ||7»g(*,) -M*2)llSince 7» is arbitrary, (3) and (1) together imply that ||jC| -x2\\ < ||/»g(jc,) hg(x2)\\ < ||*i -*2||, which is a contradiction. Hence 9 | S is a family of isometries. Consequently 9 | S is also a family of isometries. Proof. Let x\, x2 G 5 and suppose x «■ \xt + (1 -\)x2 where X G [0.1]. We first show that there exists a g G 9 (depending on xx, x2, X) such that fgx = X/g(x.) + (1 -\)fg(x2) for every/ G 9:
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Since 9 is commutative and asymptotically-nonexpansive, there exists g G 9 depending on x¡ (/ = 1,2) and x (i.e. depending on jci , x2 and X) such that ll/gfo) "/«toll < Ik -*l, O' = 1.2), for all/ G 9. Now !l*i -x\\ = \\xx -x2\\-||jc-jc2II < \\fgi*l) -fg(*2)\\ -ll/<?to -M*2)\\ <\\fg(xx)-fg(x)\\<\\xx-x\\ for every / G 9 (by applying Lemma 2).
The above inequalities imply that for every / G 9 we have 0) Ik-*ll = ll/gto)-/gtoll and (2) ILfefo) -/gto)|| -||/gto -fg(x2)\\ + \\fg(xx ) -/gtoll.
By a similar argument as above, we obtain also (I') \\x2 -x\\ = ||/g(x2) -/gtoll for every / G 9.
By strict convexity (2) implies that
Hence, /gto -fg(x2) = jä-^OW-.) -fgix)) by (1) and (1') Consequently, fg(x) -fg(x2) = (X/(l -X))(fg(xx) -fg(x)) which implies that fgix) = Xfg(xx) + (1 -X)fg(x2) for every/ G 9. It is immediate that the above equality holds when *i, *2 G S. Hence the assertion of the lemma follows. Lemma 4. Suppose X is a convex subset of strictly convex Banach space; then S is convex.
Proof. It suffices to show that S is convex. Let X!, x2 G S. For any choice (/, 7»), we have II*. -Y/"/(*.)ll < i/n and ||x2 -yfJ(x2)\\ < 1/t». This shows that x G S. Consequently 5 and therefore 5 is convex. 2.6. Proof of Theorem 5. For the point z G Xo, define a subset S as in the discussion above. By Lemmas 1-4, 9 | S is a commutative semigroup of affine isometries from the closed convex subset S into itself. Since X is weakly compact, so is S. Now 9 | S is a family of affine isometries on a convex subset; hence each member in 9 | S is weakly continuous.
Since z G S, the set 9(z) is in 5 (by Lemma 1). As 5 is closed and convex, we have Co 9(z) Q S. Hence 9 | cö 9(z) is a commutative semigroup of affine isometries on co 9(z). By Lemma 3, each / G 9 maps co 9(z) into itself. Since co 9(z) is a weakly compact convex subset, we obtain a common fixed point of 9 in co 9(z) by the Markov-Kakutani theorem.
2.7. Corollaries to Theorem 5. Corollary 1. Let X, 9, z, be as in Theorem 5. Let in addition X have normal structure and suppose c is the centre of co 9(z). Then c is a common fixed point ofD.
Proof. Since z G Xo, for every/ G 9, there is a sequence [g"] G 9 such that z = lim"^xg"f(z). Since 9 | 9(z) is a family of isometries, ||gm(z) -g"(z)|| = \\gmf(z) -gn/WII, which shows that the sequence {g"(z)} is Cauchy. Consequently, 2 = lim gj(z) = f lim gn(z) = f{t) for some / G 9(F).
B-*oo n-*ao
We proceed first by showing that 9: 9(z) -* 9(z) is a family of onto mappings.
Let x G 9(z); then x = \im"^xh"(z) for some sequence {h"} G 9. By the fact that t G 9(z) C S Q Xo (where the subset S is as in the proof of Theorem 3). and using a similar argument as above, lim"_007»B(/) exists. Hence x = lim h"(z) = lim hnf(t) = / lim h"(t) G /9(F).
This shows that every/in 9 maps 9(z) onto itself. Hence, for every x G cö 9(z) = cü 9(z), and / G 9, x = lim i 2 X"J{z"j) f, where zni G 9(z), and 2 XB,( = 1.
Since /is affine on cö 9(z), for each n, |yw-/[|v^)} Now the existence of lim"_00{2,*"i XBii/(zBi/)} implies that lim"^00{2,i"i Xn,,(2n,,)} exists, since / is an affine isometry on cö 9(z). By the continuity of/, we obtain
Consequently each / G 9 maps cö" 9(z) onto itself. As cö 9(z) is a weakly compact convex subset of x and 9 is a family of weakly continuous, affine isometries from cö 9(z) onto itself, by a result of Brodskiï and Milman [1] , the centre of cö 9(z) is a common fixed point of 9.
Corollary 2 (cf. Theorem 4). Let X be a compact, convex subset of a strictly convex Banach space, 9: X -* X be a commutative semigroup of asymptoticallynonexpansive mappings. Then for each z G Xo, the centre of co 9(z) is a common fixed point o/9.
Proof. This follows immediately from Corollary 1 since each compact convex subset of a Banach space is weakly compact and has normal structure.
2.8. The following example shows that when strict convexity is deleted from the hypotheses of Corollary 2 to Theorem 5, the assertion that the centre of cö 9(z) (where z G Xo) is a common fixed point of 9 no longer holds.
Example. Let X be the closed unit ball of E2 with sup norm. Then X is clearly compact and convex. Let 9 be the semigroup generated by /. The point p = (1,1) is clearly in the 9-closure of X. The orbit of p under 9 consists of only two points, (1, 1) and (1,-1) . However, the closed convex hull of these two points does not contain any fixed point off. This shows that strict convexity is essential in the hypotheses of Corollary 2 to Theorem 5.
3. Let 9 be a commutative semigroup of nonexpansive or continuous asymptotically-nonexpansive mappings on a compact convex subset X of a Banach space. The existence of a common fixed point has been established by De Marr [2] and Holmes [4] respectively. Corollary 2 to Theorem 5 shows that if the Banach space in question is furthermore strictly convex, then for every z G Xo, the centre of cö 9(z) is such a common fixed point. While the example following Corollary 2 shows that when strict convexity is deleted, the set cü 9(z) (where z G Xo) need not contain any common fixed point, it suggests a certain relation between 9(z) and such a point. We show that "the set of centres" in X with respect to 9(z) does contain a common fixed point. This result also provides alternate proofs to the theorems obtained by De Marr and Holmes. Furthermore, it is shown that when dim X < n, this alternate approach enables us to construct such a fixed point by at most ti successive steps.
3.1. Let X be any bounded subset of a Banach space. Suppose A Q X, for any x G X; let When A = X and X is a convex subset of a uniformly convex Banach space, then the set of centres in X with respect to A is a singleton which coincides with the centre of a subset introduced by Brodskiï and Milman. Since a uniformly convex Banach space has normal structure, the centre of such a set is a fixed point for any self-mapping which is an onto isometry.
In general, CA could be empty. However, when X is compact and convex, CA is necessarily nonempty and closed. Suppose 9: X -» X is a commutative semigroup of continuous, asymptotically-nonexpansive mappings. Since Xo # 0, we can consider the restriction of 9 on the compact subset 9(z), where z G Xo. By Theorem 3, 9 is a family of isometries of 9(z) onto itself. It is from the set of centres with respect to 9(z) that a common fixed point of 9 will be constructed. The following lemma is shown in [4] concerning 9-stable subsets.
Lemma 1 (see [4] ). (i) Any closed D-invariant subset A is D-stable.
(ii) An arbitrary intersection of D-stable subsets is D-stable.
(iii) Suppose A is D-stable and Jl is the corresponding collection of closed subsets. Ifc# contains a compact member, then there is a z G A such that the orbit 9(z) of z is contained in A.
Lemma 2. Let X be a compact convex subset of a Banach space, 9: X -» X be a commutative semigroup of nonexpansive mappings. Suppose z G Xo; then CA (where A = 9(z)) is a compact, convex D-invariant subset of X.
Proof, (i) Since A" is compact convex, CA is a nonempty closed, and therefore compact subset of X.
( (iii) By Theorem 3, and since A is compact, 9 | A is a family of onto isometries. Hence, for every y G A and / G 9, we have y = f(a) for a G A. Let x G CA, then \\f(x)-y\\ = ||/(x) -f(a)\\ < \\x -a\\ < R showing that rA(f(x)) < R. By the definition of R, we have R = rA(f(x)) which implies that/(x) G CA.
As this result holds for all / G 9, the subset CA is 9-invariant.
Lemma 3. Let X be a compact convex subset of a Banach space, 9: X -* X be a commutative semigroup of continuous, asymptotically-nonexpansive mappings. Let z G Xo; then CA (where A = 9(z)) is a compact convex subset which is D-stable.
Proof. Since X is compact convex, CA is nonempty, closed, and therefore compact. It remains to show that CA is 9-stable. Now, R = inf{fc(x): x G X) implies that CA= D Tn B(z,R + e)\ n X.
For any fixed x G CA and e > 0, let {W,}ge0 be a collection of subsets in A where Wg = {z G A: sup{||/g(x) -/g(z)||:/ G 9} < ||x -z|| + e}.
¿-contraction. Consequently, for m sufficiently large, we have \\ffm(x) /"/m(j')ll ^ II* -y\\ for 7» = 1,2,... . This shows that the semigroup generated by/is asymptotically-nonexpansive.
